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Abstract. In this article, for Banach left and right module actions, we will 
extend some propositions from Lau and Ulger into general situations and we 
establish the relationships between topological centers of module actions. We also 
introduce the new concepts as Lio *uj-property and ijui *uj-propcrty for Banach 
A — bimodule B and we investigate the relations between them and topological 
center of module actions. We have some applications in dual groups. 



1. Introduction and Preliminaries 

As is well-known [1], the second dual A** of A endowed with the either Arens mul- 
tiplications is a Banach algebra. The constructions of the two Arens multiplications 
in A** lead us to definition of topological centers for A** with respect both Arens 
multiplications. The topological centers of Banach algebras, module actions and ap- 
plications of them were introduced and discussed in [6, 8, 13, 14, 15, 16, 17, 21, 22], 
and they have attracted by some attentions. 

Now we introduce some notations and definitions that wc used throughout this paper. 
Let ^ be a Banach algebra. We say that a net {ea)aei in A is a left approximate 
identity {— LAI) [resp. right approximate identity (= RAI)] if, for each a G A, 
Gad. — > a [resp. aca — > a]. For a € A and a' S A*, we denote by a' a and aa' 
respectively, the functionals on A* defined by < a'a,b >=< a', ah a' {ah) and 
< aa', h >=< a', ha >= a' {ha) for all h & A. The Banach algebra A is embedded in 
its second dual via the identification < a,a' > - < a' , a > for every a € A and a' & A* . 
We denote the set {a' a : a € A and a' e A*} and {aa' : a e A and a' e A*} by A* A 
and AA* , respectively, clearly these two sets are subsets of A*. Let A has a BAI. 
If the equality A* A = A*, {AA* ~ A*) holds, then we say that A* factors on the 
left (right). If both equalities A* A ~ AA* = A* hold, then we say that A* factors 
on both sides. Let X, Y, Z be normed spaces and ni : X x Y Z he a bounded 
bilinear mapping. Arens in [1] offers two natural extensions m*** and m***** of m 
from X** X Y** into Z** as following: 

1. m* : Z* X A — > Y* , given by < m*{z',x),y >=< z',m{x,y) > where x E X, 

yeY,z'eZ*, 

2. m** : Y** x Z* X*, given by < m**{y" ,z'),x >=< y" ,m*{z' ,x) > where 
xeX, y" G Y**, z' e Z*, 

3. m*** : X** X Y** Z**, given by < ?7i*** {x" ,y"), z' > =< x" ,m** {y" , z') > 
where x" G A**, y" G Y**, z' e Z*. 

The mapping m*** is the unique extension of m such that x" — > m*** {x" ,y") from 
A** into Z** is weak* ^ to ~ weak* continuous for every y" G y**, but the mapping 
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y" — > m*** (x" ,y") is not in general weak* — to — weak* continuous from Y** into Z** 
unless x" £ X. Hence the first topological center of m may be defined as following 

Zi{in) — {x" G X** : y" — S- m*** (x" , y") is weak* — to — weak* — continuous} . 

Let now to* : Y x X ^ Z he the transpose of m defined by im}{y,x) = m{x,y) for 
every x € X and y £ Y . Then to* is a continuous bilinear map from Y x X to Z, and 
so it may be extended as above to to**** : Y** x X** — >• Z**. The mapping m***** : 
X** X Y** — > Z** in general is not equal to m***, see [1], if m*** = to*****, then 
TO is called Arens regular. The mapping y" — >■ m*****(x", y") is weak* — to — weak* 
continuous for every y" e Y** , but the mapping x" — > TO*****(a;", y") from X** into 
Z** is not in general weak* — to — weak* continuous for every y" £ Y** . So we define 
the second topological center of m as 

Z2{m) — {y" G Y** : x" — > m*****{x" ,y") is weak* — to — weak* — continuous}. 

It is clear that to is Arens regular if and only if Zi{m) — X** or Z2(m) = Y** . Arens 
regularity of m is equivalent to the following 

linilim < z\m(xi,yj) >= limlim < z' ,m{xi,yj) >, 

i i j i 

whenever both limits exist for all bounded sequences {xi)i C X , {yi)i C Y and 
z' &Z*, see [6, 18]. 

The regularity of a normed algebra A is defined to be the regularity of its algebra 
multiplication when considered as a bilinear mapping. Let a" and h" be elements 
of A** , the second dual of A. By Goldstin's Theorem [6, P.424-425], there are nets 
{o,a)a and (6/3)^ in A such that a" = weak* — linia and 6" = weak* — limp bp. So 
it is easy to see that for all a' € A* , 

limlim < a' ,ni{aa,bR) >—< a"b" ,a' > 

a p 

and 

limlim < a ,m,{aa,bp) >=< a"ob",a' >, 

fi a 

where a"b" and a" oh" are the first and second Arens products of A** ^ respectively, 
see [6, 14, 18]. 

The mapping to is left strongly Arens irregular if Zi (to) — X and m is right strongly 

Arens irregular if Z2{m) = Y. 

This paper is organized as follows. 

a) In section two. for a Banach A — bimodule, we have 

(1) a" G Zb"{A**) if and only if Trf ** (6', a") G B* for aU b' e B* . 

(2) F G Zb«((A*A)*) if and only if 7r;***(g,F) G B* for aU g G B*. 

(3) G G Z^A'AyiB**) if and only if 7r;***(5, G) G A* A for all g G B* . 

(4) Let B has a BA/ (ea)^ C A such that Ca ^ e". Then if Z*„(S**) = B** [ 
resp. Ze-*(B**) = B**] and B* factors on the left [resp. right], but not on 
the right [resp. left], then Zb"{A**) 7^ Z^g„{A**). 

(5) B*A C wapi{B) if and only if AA** C Zb"{A**). 

(6) Let b' £ B* . Then 6' G wapt{B) if and only if the adjoint of the mapping 
7r|(6', ) : A ^ B* is weak* — to — weak continuous. 
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b) In section three, for a Banach A — bimodule B, we define Left — weak* — to — weak 
property [—Rw*w— property] and Right — weak* — to — weak property [—Rw*w— 
property] for Banach algebra A and we show that 

(1) If A** = agA** [resp. A** = A**ao] for some ao e A and aq has Rw*w— 
property [resp. Lw*w- property], then Zb*-'{A**) = A**. 

(2) If B** = a^B** [resp. B** = B**ao] for some a^ £ A and ao has Rw*w- 
property [resp. Lw*w- property] with respect to B, then Za-"{B**) = B** . 

(3) If B* factors on the left [resp. right] with respect to A and A has Rw*w— 
property [resp. Lw*w- property], then = A**. 

(4) If B* factors on the left [resp. right] with respect to A and A has Rw*w— 
property [resp. Lw*w- property] with respect B, then ^^"(i?**) = B** . 

(5) If flo G A has Rw*w— property with respect to B, then oqA** C Zb-"{A**) 
and a^B* C wap£{B). 

(6) Assume that AB* C wapeB. If B* strong factors on the left [resp. right], 
then A has Lw*w— property [resp. Rw*w— property ] with respect to B. 

(7) Assume that AB* C wapiB. If B* strong factors on the left [resp. right], 
then A has Lw*w— property [resp. Rw*w— property ] with respect to B. 



2. The topological centers of module actions 

Let i? be a Banach A — bimodule, and let 

TTi : A X B B and tt^ : B x A ^ B. 
be the left and right module actions of A on B. Then B** is a Banach A** — bimodule 
with module actions 

n}** : A** X B** B** and <** : B** x A** B** . 
Similarly, B** is a Banach A** — bimodule with module actions 

Trf *** : A** X B** B** and tt***** : B** x A** B** . 
We may therefore define the topological centers of the right and left module actions 
oi A on B as follows: 

ZA"{B**)^Z{TTr) = {b" eB** : themapa" ^TT;**{b'\a") : A** ^ B** 

is weak* — to — weak* continuous} 
Zb'-{A**) = Z{TTt) = {a" e A** : the map b" ^ Trf* (a", 6") : B** ^ B** 

is weak* — to — weak* continuous} 
Z\.,{B**) = Z{ttI) = {b" e B** : the map a" 7r****(6", a") ; A** B** 
is weak* — to — weak* continuous} 
Z(7r*) = {a" G A** : the map b" ^ 4*** {a" ,b") : B** ^ B** 
is weak* — to — weak* continuous} 
We note also that if i? is a left(resp. right) Banach A — module and ni : A x B ^ 
B (resp. TTr : B x A ^ B) \s left (resp. right) module action of A on _B, then B* is 
a right (resp. left) Banach A — module. 
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We write ab = Tre{a, 6), ba ~ 7rr(6, a), 7r^(aia2, b) ~ 'Ki[a\^aib\ 7rr(6, 0102) = 7rr(6ai, 02), 
7r^(oi&',a2) = 7r|(6',a2ai), 7r*(6'a, 6) = Tr*{b\ab), for all 01,02, a G A, G S and 
b' G B* when there is no confusion. 

Theorem 2-1. We have the following assertions. 

(1) Assume that i? is a Left Banach A - module. Then, a" € ZB'*iA**) if and 
only if 7r;***(&',a") 6 B* for all b' G B*. 

(2) Assume that i? is a right Banach A — module. Then, &" G Za"{B**) if and 
only if 7r;***{b', b") G A* for aU b' e B*. 

Proof. (1) Let b" G B**. Then, for every o" G Zi3"(^**), we have 

<7rr**(6',a"),6" >=< 6', 7rr*(a", 6") >=< 7rr*(a", 6"), > 
=< 4***\a",b"),b' >=< 7rf**(&",a"),6' >=< fe", Trf *(a", &') > . 
It follow that TT*i***{b',a") = Trf *(a",6') G B*. 

Conversely, let a" G A** and let 7r;***(a", 6') G B* for aU b' e B*. Then for 
aU fe" G B**, we have 

< TT^ [a ,0 ),b >=< , TT^ (a , ) >=< tt^ [b ,a ),b > 

=< 4**{a",b'),b" >=< fe",7rf*(o",fo') >=< 4***{b",a"),b' > 

=<4***\a",b"),b' > . 

Consequently a" G Zb"{A**). 
(2) Prof is similar to (1). 

□ 

Theorem 2-2. Assume that i? is a Banach A — bimodule. Then we have the following 
assertions. 

(1) F G ZB"iiA*A)*) if and only if TT****{g,F) G B* for aU g G B*. 

(2) G G Z(A'A)'{B**) if and only if 7r;***(g, G) G A* A for all g G B* . 

Proof. (1) Let F G and (6^)^ C B** such that 6^ '"^ b". Then for 

all g <E B* , we have 

< ^r**(5,i^),&a >=< g:7rr{F,b';,) >=< -^riF^bD^g > 

^< 7rr*{F,b"),g >=< T:r**{g,F),b" > . 

Thus, we conclude that TT****{g,F) G {B** ,weak*)* = B* . 

Conversely, let Tr****{g,F) G B* for F G (A* A)* and g G B*. Assume that 

b" G B** and C B** such that fe'^ '4 b". Then 

< ^r(^,&a),3 >=< .9,^r(^,&'a) >-< ^r*(5,i^),&'a > 

=< b'i,TTr**{9,F) >^< b",nr**ig,F) >=<TTr**{g,F),b" > 

=<7rr(F,6"),g>. 
It follow that F G ZB"iiA*A)*). 
(2) Proof is similar to (1). 

□ 
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In the proceeding theorems, if we take B = A, we obtain some parts of Lemma 3.1 
from [14]. 

An element e" of A** is said to be a mixed unit if e" is a right unit for the first Arens 
multiplication and a left unit for the second Arens multiplication. That is, e" is a 
mixed unit if and only if, for each a" G A**, a"e" = e"oa" = a". By [4, p. 146], an 
element e" of A** is mixed unit if and only if it is a weak* cluster point of some BAT 
{ea)a£i in A. 

Let S be a Banach A — bimodule and a" £ A**. We define the locally topological 
center of the left and right module actions of a" on B, respectively, as follows 

Zl„{B**) =^ Zln{-K\) = {6" e B** : Trf ***(a",6") = 7rr*(a", 6")}, 
Za'^B**) = Za"(7r*.) = e B** ■ 7r*****(6",a") = <**(&", a")}. 

Thus we have 

fl Z*„(B**) = Zi(B**)=Z(7r*), 

fl Zo."(B**)^ZA{B**)^Z{lXr). 



Definition 2-3. Let i? be a left Banach A — module and e" g A** be a mixed 
unit for A**. We say that e" is a left mixed unit for B**, if 

7rr*(e",6") - Trf ***(e",6") = fo", 

for aU b" e B**. 

The definition of right mixed unit for B** is similar. B** has a mixed unit if it has 
left and right mixed unit that are equal. 

It is clear that if e" e A** is a left (resp. right) unit for B** and Ze"{B**) = B** , 
then e" is left (resp. right) mixed unit for B** . 

Theorem 2-4. Let i? be a Banach A— bimodule with a B^/ (eQ,)^ such that ea ^ e" . 
Then if Zl,,{B**) = B** [ resp. ^^..(B**) = B**] and B* factors on the left [resp. 
right], but not on the right [resp. left], then Zs-'iA**) ^ Z%,,{A**). 

Proof. Suppose that B* factors on the left with respect to A, but not on the right. 

Let {ea)a C A be a BAI for A such that ea — > e". Thus for all b' <E B* there are 
a e A and x' e B* such that x'a ~ b' . Then for aU b" e B** wc have 

< 7rr*(e",&"),6' >=< e",TT;*{b",b') lim < tt^ (6", &'), > 

a 

= lim < 6", 7r^{b\ 6^) >= lim < 6", tt^ (x'a, Cq) > 

a a 

= lim < b" , 111 (x', ata) >~ lim < tt^* (6", x'), ae^ > 

a a 

=< n;*{b",x'),a > = < b",b' > . 
Thus 7r"*(e",6") = 5" consequently _B** has left unit A** - module. It follows that 
e" e ZB-iA**). If we take Zb..(^**) = Z*j„(^**), then e" G Z*j„(^**). Then the 



6 



mapping b" 7r*****(6", e") is weak* - to - weak* continuous from B** into B** . 
Since e„ % e", 7r*****(6", e„) ^ 7r*****(6", e"). Let fe' G B* and {hp)f} C B such that 
hp h" . Since Zl,,{B**) = B**, we have the following quality 

< 4***'{b",e"),b' >=lim< ^*****(&",e„),6' >= lim < 7r****(e„, &"), 6' > 

a a 

= limlim < 7r****(eQ, 6^), 6' >= limlim < 7r^(6«, Bq), 6' > 

a p a p 

= limlim < 6', tt (bp,ea) >= limlim < 6', tt (bp,ea) > 

a p pa 

= \im<b',bp >=<b",b' > . 

Thus 7r*****(6",e") = n;**{b",e") = 6". It follows that B" has a right unit. Suppose 
that b" G B** and C B such that bp ^ 6". Then for all b' G B* we have 

< 6", 6' >=< <**(6",e"),6' >=< fe",<*(e",fo') >= lim < <*(e", 6'), 6;3 > 

= lim < e", TT*(b' , bg) >— limlim < 7r*(b' , bg), Cq > 

P I \ HI pa 

= limlim < 7r*(6', bp), Ca >= limlim < b' , Trr(bp, ea) > 

pa pa 

= limlim < Tr***{bp, Cq), b' >= limlim < bp, Tr**{ea, b') > 

a p a p 

= lim < 6", 6') > . 

a 

It follows that weak — limQ, TT**{ea, b') = b' . So by Cohen Factorization Theorem, B* 
factors on the right that is contradiction. 

□ 

Corollary 2-5. Let i? be a Banach A — bimodule and e" G A** be a left mixed unit 
for B**. If B* factors on the left, but not on the right, then Zb"{A**) ^ Z%„{A**). 

In the proceeding corollary, if we take B = A, then it is clear ~ A**, and 

so we obtain Proposition 2.10 from [14]. 

Theorem 2-6. Suppose that i? is a weakly complete Banach space. Then we have 
the following assertions. 

(1) Let i? be a Left Banach A — module and e" be a left mixed unit for B** . If 
AB** C B, then B is reflexive. 

(2) Let B be a right Banach A — module and e" be a right mixed unit for B** . 
li Za'-{B**)A C B, then Za"{B**) = B. 

Proof. (1) Assume that h" G B** . Since e" is also mixed unit for A** , there is a 

BAI {ea)a C A for ^ such that e„ e". Then 7r;**(ec., 6") 7r;**(e", 6") = 
5" in B** . Since AS** C B, we have 7r|**(ea,6") G B. Consequently 
7r;**(e„, 6") 4 7r;**(e", 6") = &" in B. Since B is a weakly complete, h" G B, 
and so B is reflexive. 
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(2) Since b" e Za-{B**), we have 7r;**(5", ^ n;**{b",e") = b" in B** . Since 
C B, 7r;**(6",e„) e B. Consequently we have 7r;**(6",e„) ^' 
7r***(6", e") = 5" in i?. It follows that b" e _B, since i? is a weakly complete. 

□ 

A functional a' in A* is said to be wap (weakly almost periodic) on A if the mapping 
a — > a'a from A into A* is weakly compact. The proceeding definition to the equiva- 
lent following condition, see [6, 14, 18]. 

For any two net {aa)a and {bp)p in {a £ A : \\ a \\< 1}, we have 

limalimp < a'^a^bp >~ limplima < a'^a^bp >, 
whenever both iterated limits exist. The collection of all wap functionals on A is de- 
noted by wap{A). Also we have a' G wap{A) if and only if < a"b", a' >=< a"ob", a' > 
for every a", b" e A**. 

Definition 2-7. Let i? be a left Banach A — module. Then, b' G B* is said to be left 
weakly almost periodic functional if the set {tt^ (&', a) : a £ A, || a ||< 1} is relatively 
weakly compact. Wc denote by wapi{B) the closed subspace of _B* consisting of all 
the left weakly almost periodic functionals in B*. 

The definition of the right weakly almost periodic functional {— wapr{B)) is the same. 
By [18], the definition of wapi{B) is equivalent to the following 

< ^T*{a",b"),b' >=< ***(a",6"),6' > 

for all a" e A** and b" e B** . Thus, we can write 

wapi{B) = {b' eB* :< tt*,** {a" ,b"),b' >=< ***(a", 6"), 6' > 
for all a" £ A**, b" e B**}. 

Theorem 2-8. Suppose that i? is a left Banach A — module. Consider the following 
statements. 

(1) B*A C wapi{B). 

(2) AA** C Zb"{A**). 

(3) AA** C AZb*-{{A*A)*). 

Then, we have (1) <^ (2) <= (3). 
Proof. (1) ^ (2) 

Let C B** such that 6'^ '4 b" . Then for all a G A and a" G A**, we have 

< 7r£ {aa ,o^),o >=< aa ,7r^ (o„,o)>=<a ,7r^ (o„,o)a> 

a",7rr(&",&'a) >=< ^r*(a", ^a), ^'a) >^< ^r*(«",^"),M > 
=<Tr*g**{aa",b"),b') > . 

Hence aa" G Zi3..(A**). 
(2) ^ (1) 

Let a G A and b' e B* . Then 
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= < TT/, [aa ,bj,b >=< 



ia"X),b'a>. 



It follow that b'a G wapi{B). 
(3) ^ (2) 

Since C Zb"{A**), proof is hold. 



□ 



In the proceeding theorem, if we take B — A, then we obtain Theorem 3.6 from [14] 
and the same as proceeding theorem, we can claim the following assertions: 
If i? is a right Banach A — module, then for the following statements we have 
(1) ^ (2) ^ (3). 

(1) AB* C wapr{B). 

(2) A** A C Zs'-iA**). 

(3) A** A C ZB*-iiA*A)*)A. 

The proof of the this assertion is similar to proof of Theorem 2-8. 

Corollary 2-9. Suppose that S is a Banach A — bimodule. Then if A is a left 
[resp. right] ideal in A**, then B* A C wapi{B) [resp. AB* C wapr{B)]. 

Example 2-10. Suppose that 1 < p < oo and q is conjugate of p. We know that if 
G is compact, then L^{G) is a two-sided ideal in its second dual of it. By proceeding 
Theorem we have i«(G) * L\G) C wapi(LP(G)) and L^{G) * L9(G) C wapriLP{G)). 
Also if G is finite, then L'^{G) C wapi{LP{G))nwapr{LP{G)). Hence we conclude that 



Theorem 2-11. We have the following assertions. 

(1) Suppose that is a left Banach A — module and b' ^ B*. Then b' £ wapi{B) 
if and only if the adjoint of the mapping 7r^(6', ) : A — >■ B* is weak* —to—weak 
continuous. 

(2) Suppose that S is a right Banach A— module and b' E B* . Then b' £ wapr{B) 
if and only if the adjoint of the mapping 7r*(6', ) : B ^ A* is weak* —to— weak 
continuous. 

Proof. (1) Assume that b' G wapi{B) and Tr^{b', )* : B** ^ A* is the adjoint of 
7r|(6', ). Then for every b" € B** and a e A, we have 



Suppose (6^)a C B** such that 6^ ^ 6" and a" 6 A** and (a^)^ C A such 
that ap —^ a". By easy calculation, for all y" G B** and y' G B* , we have 



Zi.(G)"(i^(G)**) = L^(G) and ^^.(g).. (L^(G)**) = ^^(G). 



< TT^ib', )*b",a>^< b",TT;{b',a) > . 
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= lim < Tr;**{a'\b'^),b' >=< n;** {a" ,b"),b' > 

a 

=< a ,TTg[b , ) > . 

It follow that the adjoint of the mapping 7r|(6', ) : A ^ B* is weak* — to — 
weak continuous. 

Conversely, let the adjoint of the mapping 7r|(6', ) : A ^ i?* is weak* — to — 

weak continuous. Suppose {b'^)a C B** such that 6^ ^> b" and b' G B* . Then 
for every a" G A**, we have 

lim < ^}**{a",bl),b' >= lim < a" ,^}* {bl,b') > 

a a 

= lim < a",TT;{b', >=< a",TT;{b\ fb" >=< 7r;**(a", 6"), 6' > ■ 

a 

It follow that b' G wapi{B). 
(2) proof is similar to (1). 

□ 

Corollary 2-12. Let A be a Banach algebra. Assume that a' G A* and Tq' is the 
linear operator from A into A* defined by Ta'a ~ a' a. Then, a' G wap{A) if and only 
if the adjoint of Ta' is weak* — to — weak continuous. So A is Arens regular if and 
only if the adjoint of the mapping Ta'a = a' a is weak* — to — weak continuous for 
every a' G A*. 

3. Li/;*w-property and i?u'*z/;-property 

In this section, we introduce the new definition as Left — weak* — to — weak property 
and Right — weak* —to— weak property for Banach algebra A and make some relations 
between these concepts and topological centers of module actions. As some conclu- 
sion, we have Zlh^g)"{M{G)**) ^ M{G)** where G is a locally compact group. If G 
is finite, we have Zm(g)" W{G)**) = L^{G)** and Zli(g)" (M(G')**) = M{G)**. 

Definition 3-1. Let i? be a left Banach A — module. We say that a G A has 
Left — weak* — to — weak property {— Lw*w— property) with respect to B, if for 

all {ba)a C B*, ab'^ ^ implies ab'^ A 0. If every a £ A has Lw*w— property 
with respect to B, then we say that A has Lw*w— property with respect to B. The 
definition of the Right — weak* — to — weak property {— Rw*w— property) is the 
same. 

We say that a E A has weak* — to — weak property {— w*w— property) with respect 
to B if it has Lw*w— property and Rw*w— property with respect to B. 
If a G A has Lw*w— property with respect to itself, then we say that a E A has 
Lw*w— property. 

For proceeding definition, we have some examples and remarks as follows. 

a) If B is Banach A-bimodule and reflexive, then A has 10*10— property with respect 

to B. Then 

i) L^{G), M{G) and A{G) have property when G is finite. 

ii) Let G be locally compact group. L^{G) [resp. M(G)] has property [resp. 
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Lw*w— property ]with respect to U'[G) whenever p > 1. 

b) Suppose that _B is a left Banach A — module and e is left unit element of A such 
that eb = b for all b £ B. If e has Lw*w— property, then B is reflexive. 

c) If S" is a compact semigroup, then C~^{S) = {/ G C{S) : / > 0} has property. 

Theorem 3-2. Suppose that B is a Banach A — bimodule. Then we have the 
following assertions. 

(1) If A** = qqA** [resp. A** = A**ao] for some qq € A and oq has Rw*w- 
property [resp. Lw*w- property], then Zb"{A**) = A**. 

(2) If B** = gqB** [resp. B** = B**ao] for some qq e A and aq has Rw*w~ 
property [resp. Lw*w— property] with respect to B, then Za**{B**) = B** . 

Proof. (1) Suppose that A** ~ ao^** for some uq Cz A and oq has Rw*w~ 

property Let C B** such that b'^ ^ b". Then for aU a G ^ and 

b' e B*, we have 

< Trf (6^,6'),a >=< 6^,7r;(6',a) >^< b",Tr;{b',a) >=< n;*{b" ,b'),a >, 

it follow that 7r;*(6^,6') '4 7r;*(6",fe')- Also we can write 7r|*(6'^ fe')ao ^ 
7r^*(6", 6')ao. Since oo has Rw*w~ property, 7r|*(&'^, fo')ao 7r|*(&", &')ao. 
Now let a" e A**. Then there is x" G A** such that a" — a^x" consequently 
we have 

< TT^ (a ,o^),b >~< a ,7r^ (6„,o)>=<a; , tt^ (o„,o)ao> 

— >< cc ,7r^ (o ,0)ao>=<7r^ [a ,b^),b >. 

We conclude that a" G Proof of the next part is the same as the 

proceeding proof. 

(2) Let B** = aoB** for some <E A and gq has Rw*w— property with respect 

to B. Assume that {a'^)a ^ A** such that a'^ a" . Then for all b £ B, we 
have 

< 7r;*(a'^,6'),fo >=< a^,7r;*(fe',fe) >->< a", fe) >=< 6'), & > • 

We conclude that 7r**(a^,&') ^ ■K**{a",b') then we have 7r**(a^, &')ao ^ 
7r**(a", 6')ao. Since has Rw*w— property with respect to B, 7r**(a", 6')ao ^ 
K*{a'\b')ao. 

Now let 6" G B**. Then there is x" G B** such that 6" aax". Hence, we 
have 

< TT^ (0 ,a^),6 >=< ,7r^ (a„, 6 ) >=< floa- , tt^ (a^,0)> 
=< X , TTj. (a^,b )ao >^< x , tt^ [a ,b )ao >=< b , tt^ [a ,b ) > 

=< -K.j. (b ,a ),b > . 

It follow that b" G Z a-»{B**). The next part is similar to the proceeding 
proof. 

□ 
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Example 3-3. i) Let G be a locally compact group. Since M{G) is a Banach 
L^(G)-biniodule and the unit element of M{G) has not Lw*w— property or Rw*w~ 
property, by Theorem 2-3, Zli(gY-{M{G)**) ^ M{G)**. 

ii) If G is finite, then by Theorem 2-3, we have Zm[g)"{L\G)**) = L\G)** and 
Zii(G)"(M(G)**) = M(G)**. 

Assume that i? is a Banach A — bimodule. Wc say that B factors on the left (right) 
with respect to A if _B = BA {B = AB). We say that B factors on both sides, if 
B = BA = AB. 

Theorem 3-4. Suppose that i? is a Banach A — bimodule and A has a BAI. Then 
we have the following assertions. 

(1) If B* factors on the left [resp. right] with respect to A and A has Rw*w— 
property [resp. Lw*w~ property], then Zb*'{A**) ~ A** . 

(2) If B* factors on the left [resp. right] with respect to A and A has Rw*w~ 
property [resp. Lw*w- property] with respect B, then Za"{B**) = B** . 

Proof. (1) Assume that B* factors on the left and A has Rw*w— property. Let 

(6a)a ^ B** such that b'^ ^ b". Since B*A ^ B* , for aU b' G B* there are 
X € A and y' G B* such that b' = y'x. Then for all a G A, we have 

< <*K,y')x,a> = < b';^,^l{y',a)x >=< 7rr(6^,&'),a > 

= < b'^,TT^{b',a) >^< b",TTg{b',a) >=< tt^* {b" ,y')x, a > . 

Thus, we conclude that -k}* {b'^,y')x ^< -k*^* {b" ,y')x. Since A has Rw*w- 
propcrty, tt** {b'^,y')x 4< ti}* {b" ,y')x. Now let b" G A**. Then 

<7r^ (a >=< a , tt^ (6^,6) >=< a , tt^ (6„,y)x> 

^< a",7rr(6",2/')a; >-< 7rr*(a", 6"), > ■ 
It follow that a" G Zb'-{A**) = A**. 

If B* factors on the right and A has Lw*w— property, then proof is the same 
as preceding proof. 

(2) Let B* factors on the left with respect to A and A has Rw*w~ property with 

respect to B. Assume that {a'^)a ^ A** such that a". Since B* A = B, 

for all b' G B* there are x G A and y' G B* such that b' = y'x. Then for all 
6 G -B, wc have 

a",7r;(fe',fe) >=< ^ > • 

Consequently 7r**(a'^, 2/')x 7r**(a", y')^^- Since A has Rw*w— property with 
respect to B, n;*{a'^,y')x 4 tt** {a" ,y')x. It follow that for all b" G B**, we 
have 

< TT^ (o ,ajj),o >=< ,7r^ {aa^y )^ >— >< o ,7r,, [a ,y )x > 
=< TT^ (o , a j, > . 
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Thus we conclude that b" e Za-"{B**). 

The proof of the next assertions is the same as proceeding proof. 

□ 

Theorem 3-5. Suppose that _B is a Banach A—bimodule. Then we have the fohowing 
assertions. 

(1) If flo G A has Rw*w— property with respect to B, then uqA** C 
and uqB* C wapi{B). 

(2) If flo 6 A has Lw*w— property with respect to B, then A**aQ C Zb-"{A**) 
and B*aQ C wapi{B). 

(3) If ao G A has Rw*w~ property with respect to B, then uqB** C Za"{B**) 
and B*ao C wapr^B). 

(4) If flo G A has Lw*w- property with respect to B, then B**ao C 
and flpi?* C wapr{B). 

Proof. (1) Let {b'^)^, C B** such that b'^ ^ 6". Then for a\\ a € A and 6' G -B*, 
we have 

< n;*{b'^,b')ao,a>=< 7r;*(6^, 6'), aoo >=< 7r;(&', ooa) > 

^< fe",7r|(fe',aoa) >=< 7r^**(6", 6')ao, a > . 

It follow that 7r|*(6", 6')ao ^ 7r|*(6", 6')ao. Since ao has Rw*w- property 
with respect to B, t:}* {b'^,b')aa ^ -Kg* {b" ,b')ao. 

We conclude that aoa" G Zb"{A**) so that qqA** G Z_b..(A**). Since 
Tr**ib",b')ao = TTl*{b",b'ao), a^B* C wapi{B). 

(2) proof is similar to (1). 

(3) Assume that (a^)^ C A** such that a^^ % a". Let b e B and b' € B*. Then 
we have 

< 7r;*(a^,6')ao,6 >=< 7r;*(a" , 6'), >=< a'^, ao&) > 

^< a", 7r*(fe', ao6) >=< 7r**(a", 6')ao, > . 

Thus we conclude n*.*{a'^,b')ao ^ n*.*{a" ,b')ao. Since ao has Rw*w— prop- 
erty with respect to B, tt** {a'^,b')ao ^ n** [a" ,b')ao. If b" G B**, then we 
have 

< Tr;**{aob",a';,),b' >=< ao6", 6') >=< fo", <*(a'^, &')ao > 

=< fe",<*(a:^,fo')ao >=< <**(ao6",a"),&' > . 

It follow that aob" G Consequently we have a^B** G ^^"(i?**). 

The proof of the next assertion is clear. 

(4) Proof is similar to (3). 

□ 
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Theorem 3-6. Let B he a Banach A — bimodule. Then we have the fohowing 
assertions. 

(1) Suppose 

hmlim < b'a,ba >= limhm < b'n.hn >, 

a p P 13 a P 

for every {ba)a Q B and {b'p)p C B* . Then A has Lw*w— property and 
Rw*w— property with respect to B. 

(2) If for sonic a <E A, 

hmUm < ab'g, ba >= Umhm < ab'g, ba >, 

a 13 P 13 a 

for every {ba)a Q B and {b'g)p C B* , then a has Rw*w— property with 
respect to B. Also if for some a £ A, 

hmhm < b'f,a, ba >= hmhm < b'oa, ba >, 

a p P 13 a P 

for every {ba)a ^ B and {b'p)p C B* , then a has Lw*w— property with 
respect to B. 

Proof. (1) Assume that a e A such that ab'g where {b'p)p C B* . Let b" e B** 
and {ba)a ^ B such that ba ^ b" . Then 

hm < ab'a >— limhm < &„, ab'a >~ limlim < ab'a, ba > 

P P P a P p a P 

= limlim < ab'g, ba >= 0. 

a p P 

We conclude that —> 0, so A has Lw*w~ property. It also easy that A 
has Rw*w— property. 

(2) Proof is easy and is the same as (1). 

□ 

Definition 3-7. Let B be a left Banach A — module. We say that B* strong factors 
on the left [resp. right] if for all (6^)q C B* there are {aa)a C A and b' € B* such 
that b'^ = b'aa [resp. b'a = aab'] where {aa)a has limit the weak* topology in A** . 
If B* strong factors on the left and right, then we say that B* strong factors on the 
both side. 

It is clear that if B* strong factors on the left [resp. right], then B* factors on the 
left [resp. right]. 

Theorem 3-8. Suppose that B is a Banach A — bimodule. Assume that AB* C 
wapiB. If B* strong factors on the left [resp. right], then A has Lw*w— property 
[resp. Rw*w— property ] with respect to B. 

Proof. Let {b'a)a C B* such that ab'a ~^ 0. Since B* strong factors on the left, there 
are {aa)a C A and b' S B* such that b'a = b'aa- Let b" G B** and {bp)p C B such 
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that bp ^ b". Then we have 

hm < b'\ab'^ >— hnihm < bp^ab'^ >— hmhni < ab'^,hp > 

= hmhm < ab'acbg >= hmhm < ab'^aaba > 

a p ^ a p 

~ hmhm < ab' , a^bp >= hmhm < ab', bp >~ 

pa pa 

It fohow that ab' H> 0. □ 



Problems . 

(1) Suppose that _B is a Banach A — 
respect to A, dose A has Lw*w— 

(2) Suppose that i? is a Banach A — 
respect to B. Dose Zb-"{A**) = 



bimodule. If B is left or right factors with 
property or property, respectively? 

bimodule. Let A has property with 

A**7 
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